The concepts and techniques designed and used for pricing financial options have been applied to assist in scheduling manufacturing activities. Releasing a manufacturing order is viewed as an investment opportunity whose properties are similar to a call option. Its value can be considered as the derivative of the market demand mirrored in the selling price of the manufactured products and changes over time following an Ito process. Dynamic programming has been used to derive the optimal timing for releasing manufacturing orders. It appears advisable to release a manufacturing when the unit selling price come to a threshold P" given by the relation P" = B/ (B -1) C with C = unit cost price. Bis a parameter whose value depends on the trend parameter a and the volatility a of the selling price, the discount rate p applicable to the capital appreciation relevant to the business context under consideration. The results have been successfully applied to the evolution of the quarterly construction cost index in France over ten years.
INTRODUCTION
Since the dawn of entrepreneurship men have been calculating the chances of success in future actions by assessing the available statistics, if any, on past actions. But entrepreneurs are confronted with their interpretation in terms of what is actually measured and how they are reliable. A wide range of mathematical strands has been developed to deal with the ongoing uncertainty of the economic environment in the field of financial economics-options, futures, other derivatives-as well as capital budgeting [1] . In this paper we want to demonstrate how the concepts and techniques used in these fields can contribute to scheduling manufacturing activities. Scheduling the manufacturing of a batch of products is considered as an option analogous to a financial call option on a common stock market. When deciding on a schedule, the option to manufacture is "killed" giving up the possibility of waiting for complementary information about the market. The objectives of this paper are threefold:
• to produce the understanding and definitions of several concepts associated with the way uncertainty is dealt with in financial economics; • to demonstrate how this mindset can be used to engineer the schedule of manufacturing activities in volatile contexts;
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• to show how the technique explained can be applied on the basis of an example.
In section 2 is explained the way the timing of a decision impacts its relevance in a perspective of manufacturing activities. Section 3 describes the mathematical background pertaining to the application of stochastic processes to deal with risk. Section 4 focuses on the paradigm of uncertainty engineered to cancel risk in the domain of financial options and its practical use for a manufacturing project. In section 5 an application example is presented on the basis of data relating to the construction cost index in France. Section 6 touches on the main assumptions underlying the Ito process. APPROACH  IN  A  PERSPECTIVE  OF  MANUFACTURING ACTIVITIES How should a manufacturing company, facing uncertainty over future market conditions, decide on its production schedule? To keep on top of demand, a company has to avoid shortages on one hand and too much inventory on the other. This means that forecasting is a key issue, whether the company builds its own products in its own factories or outsources its production. Short of being able to control market, 
FORECASTING AND THE OPTION
or monthly change in market demand. The time intervals considered are impelled to be chosen by the behaviour of market demand. If it moves up and down rapidly over short periods of time, it is highly volatile. On the contrary if market demand is almost never changed it has low volatility.
The risk that the scheduler of manufacturing activities is exposed to, is based on the potential for the volatility of the underlying market demand or the market's perception of that volatility to change. It is generally assumed that uncertainty in the future depends on the time span. The longer the time interval, the greater is uncertainty about the situation by the end of this time interval and, as a consequence, the volatility of a variable z under consideration. To match with this commonly accepted belief, the time-dependent probability density function of the variable z at a fixed time, when normally distributed, is [4] :
demand planning and scheduling manufacturing operations depend on an ability to predict what will be the market demand and how it will fluctuate during the execution of plans generally frozen over a certain horizon.
Forecasting by extrapolating historical data (linear regression, simple and double exponential smoothing, decomposition of time-series in trends, cyclical variations and randomness .....) [2] is a technique overdescribed in textbooks and research papers. It is straightforward to apply and could be justified in the postwar "fordist" era. Today volatility is the key feature of the global economy: the fluttering of a butterfly in Bejing can trigger a tornado in Cuba.
The irreversibility of a decision and the possibility of delaying its implementation are two important characteristics when converting forecasts into scheduled courses of action. A manufacturing company with an opportunity to schedule production is holding an "option" analogous to a financial call option on a common stock-it has the right and not the obligation, at some future time of its choosing, to make an expenditure (manufacturing a batch of products) and receive a revenue (the proceeds of their sale) [3] . When such a company decides on a schedule, it exercises, or "kills", its option to manufacture. It gives up the possibility of waiting for complementary information to arrive that might affect the desirability or timing of the expenditure incurred by the scheduled production versus the market value of the manufactured products, value which fluctuates stochastically. The option can be "in the money" meaning that when it is exercised it would yield a positive payoff. It is said to be "out of the money" if exercising yields a negative payoff. It cannot disinvest, that is get back the money already spent, should market conditions change adversely.
(1)
An investment project, such as manufacturing a batch of products, can be made more valuable if it gives the manufacturer the option to expand when economic conditions become favorable. That option to expand in the future clearly has a value. The higher the volatility of the underlying asset-the market demand -the higher value is given to the option-the market value of the batch of products manufactured to sell. Economists assume that the selling price of a product depends on the market demand expressed in terms of quantity of products so that the proceeds of a sale increase along with market demand.
MARKET VOLATILITY AND THE ASSOCIATED RISKS

Volatility
Volatility is the relative rate at which market demand moves up and down. It is found by calculating, over a period of time, the standard deviation of daily, weekly
Wiener Process
A Markov process is a particular type of stochastic process where only the present value of a variable is relevant for predicting the future. The past history of the variable is supposed to be embedded in its present value. Predictions for the future are uncertain and must be expressed in terms of probability distribution. If the weak form of market efficiency were not true, analysts could make above-average returns on stocks by interpreting the charts of the past history. The volatility of z over the time span T is the
When the market demand D is assumed to follow the rules of geometric brownian motion, it evolves according the equation
where dz is the increment of a Wiener process. A variable evolving in this way is said to follow an Ito process. This is precisely the model chosen for the contingent claims analysis of options [6] .
Equation (4) 
Ito's Lemma
Suppose that a variable x follows an Ito process such that:
Ito's lemma [7] shows that the differential of a function G(x,t) is characterized by the following process: 
General considerations
It is generally accepted that there is an immediate correspondence between selling price and market demand. In fact the selling price of manufactured products increases along with the market demand when a specified constant quantity of products is made available in the market place. If the unit cost price is higher than the unit selling price the payoff is negative. If the unit cost price is lower than the unit selling price, then the payoff turns positive. Demand volatility describes the randomness of market behaviour and selling price. Therefore the selling price P and, as a consequence, the value of a manufacturing batch are determined by the market demand D in terms of the quantity of products asked by customers.
Two types of reasoning can be envisaged when scheduling manufacturing activities. The first one is developed by insurers. The selling price is forecast for future time periods with an expected value (mean) and a standard deviation that is regarded as the measure of the risk incurred. The quantity of products to manufacture is adjusted to the expected selling prices. When the manufactured products become available in the market place with some manufacturing lead times, the market prices tum higher or lower than the cost prices. In this situation the attitude of the forecaster is to consider that over a large number of time periods the cumulative payoffs tum positive.
A second type of reasoning is followed by traders. Their strategy is to follow the market dynamics not to minimize risks but to cancel them for each course of action. This is engineered by a hedging mechanism. Within a manufacturing context the tactics taken by a scheduler can be to choose the timing to release manufacturing orders and the quantity to manufacture intended to satisfy a specified proportion of customers.
In this paper we assume that deciding on releasing a manufacturing order depends only on the unit selling price P and the unit cost price C .
Let us see how this technique can be applied to scheduling manufacturing activities. The opportunity value of the option to release a manufacturing order today depends on a stochastic process for P. The problem is to find the future value V of the option today. To solve this problem, two approaches can be called on, i.e. the technique of portfolio and dynamic programming [8] [9] . Both of them yield the same result [10] . In our case the solution by dynamic programming is more straightforward and is chosen.
Pricing a manufacturing option V(t)
The value V (t) is an increasing function of the selling price P . The selling price pet) is supposed to follow a Wiener process as described by (4) and then its derivative writes:
In the first step let us consider the deterministic evolution of P, i.e. a = o.
The value of the manufacturing opportunity at time T
IS:
V(P,T) = lP(O).e a T
-C je-PT (8) with P > a ,otherwise V (P, T) would increase indefinitely without delivering an optimal value for T .
p is the discount rate.
Differentiating V (P, T) with respect to T yields the value T *maximising V (P ,T) :
It leads to T *=0 when pC /(p -a )P(O) =1
such that the fJ 's are the roots of the quadratic equation:
Two roots are found. The negative one does not fulfil the boundary condition (14) so that the other one whose value is higher than 1 is left. The valid value solution for fJ is given by:
That means it is advisable to launch the manufacturing of products when the selling price goes beyond the value pC /(p -a ).Then P(O) is considered as the optimal price P *to release a manufacturing order.
When applying the Ito's lemma (6) it appears that V (t), the derivative of the underlying selling price P , is also governed by a Wiener process (4). The expected value of dV induced by pet) during the time interval dt writes
In the second step we have to consider the situation for
To calculate the value of the option two situations are taken into account. After the manufacturing order has been released the value of the option equals the unit selling price minus the unit cost price incurred C, i.e. V(P) == P -C. Before the manufacturing order is released the manufacturing opportunity yields a return from its capital appreciation at the discount rate p .
And:
A==_P_*_-C_ (P*Y
It turns out that the solutions are:
It can be shown that /3 /fJ -1 increases as (J increases. As (J~00 we have fJ~1 and fJ /fJ -1~00. In other words, ceteris paribus, the higher the uncertainty about the market price measured by a , the higher is the selling P *required to release a manufacturing order. This conclusion is fully in line with what the common sense expects.
Concluding Remarks
From the boundary conditions (15) and (16) it IS deduced that:
V==(p*-cXP/P*Y whenP~P* and
(10)
Expanding dV using Ito's lemma (6) gives:
The solutions of equation (13) have to fulfil the following boundary conditions:
Hence combining (11) and (12) leads to:
(15)
In this section, we have shown that the optimal selling price P * to release a manufacturing order in a deterministic situation contrasts strongly with this that is valid in a stochastic situation characterized by its volatility (J. We think that this result can assist efficiently in scheduling manufacturing activities because the number of parameters required is limited and can be easily deduced from past observation on the supposition that the future behaviour of the market demand can be deduced from the past.
EXAMPLE OF APPLICATION
(16) expresses a continuity condition at the junction point P == P *with V(P) == P -C. The solutions of the differential equation (13) The figure 1 gives the scatter diagram of indexes X and time intervals in an attempt to gain an impression of the relation between the construction cost indexes and time intervals. It shows a positive correlat ion. As the Ito process refers to a deterministic exponential function combined with "noisy" variations constituting the stochastic part of the index variations we tried to fit the set of data by an exponential regression. 
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It is important to bear in mind that the Ito process we presented and used in this paper rests on many assumptions of which the main ones are mentioned hereafter. The first refers to the type of randomness we dealt with. The validity of the Ito process we worked with depends entirely on whether market demand and selling prices really do fit the Gaussian curve. That means that uncertainty is proportional to e
12
• Thus in other words it is assumed that the deviation of market demand and correlated selling prices is directly proportional to the square root of time. This is strongly challenged by Mandelbrot and his followers [11, 12] The optimal value of X is proportional to 13 1(13 -1).
The only unknown in the expression of13 is p , the discount rate per quarter. Figure 3 
Application to scheduling manufacturing activities
The application of the model we presented requires the availability of a very limited number of parameters. As a consequence it should be easily used by scheduling departments of manufacturing companies. On one hand two of them reflect the market's behaviour, i.e. its evolution given by a characterizing its exponential change over time and o its volatility per time unit. They can be easily derived from historical market data that IS generally easily accessible. On the other hand the discount rate p and the unit cost price C have to be derived from managerial data. They are easier to describe than to determine. We have seen that the discount rate p must be higher than the trend parameter a of the selling price.
Otherwise the manufacturing project would never be profitable. This constraint makes sense economically speaking. In fact the discount rate p is definitely not the ruling market interest rate but the current or targeted return on investment (ROI) available on the operations run by a business. The constraint means that manufacturing a batch of products is worthwhile when the anticipated yield is higher than the increase rate of the market demand in terms of selling price. Evaluating p for a company is quite an exercise and a lot of discussion has taken place to devise practical approaches. Calculating a relevant cost price is also another difficult issue: the advent of what is called
